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Abstrat
ATP-synthase is a rotatory moleular mahine whih synthesizes
ATP out of a proton gradient. The F1 unit is the part of the motor
in harge of atalyzing the ATP synthesis out of a rotatory motion
indued by the F0 subunit. F1 an also work as a motor itself by re-
versing its working regime hydrolyzing ATP and induing a rotatory
motion (F1-ATPase). Beause of the noisy media in whih the F1-
ATPase works, herein we have studied its rotatory dynamis through
the Langevin formalism. In order to understand the physial desrip-
tion, the main energy soures ating in the F1-ATPase have been stud-
ied. Inluding not only the intrinsi energetis of the system but also
those soures orresponding to external physial manipulations done
in experiments. All these elements are introdued in a simple model in
order to understand how the dierent parts of the motor at together
and whih is their relevane.
1 Introdution
Siene has advaned a lot in the knowledge of the mirobiologial world,
from the rst visualization of a ell in the XVII entury (just as a paving
entity), to the atual one of a omplex self-organizing system where mil-
lions of hemial proesses our every seond. As usual, the more we know,
the more unanswered questions arise, and the way the ell works is not an
exeption. However, the prinipal ideas of the organization of a ell are un-
derstood. In order to have a self-organizing system, a ux of matter and
energy and therefore a set of mehanisms is needed in order to maintain
this situation out from equilibrium. The set of moleules that arry this
energy transdution and therefore that perform the working ativities in the
ell are alled protein moleular mahines [1℄. The name is very suitable
sine a behaviour similar to that of handmade marosopi mahines an be
observed when taking a loser look to suh proteins (that were onstruted
more than 3000 millions years before). This way, the observables that an
be measured and that haraterize marosopi mahines suh as speed or
eieny (usually very high in moleular mahines) are also the observables
to be measured in moleular mahines.
Moleular mahines take many dierent forms and funtions inside the
ell. Ranging from the kinesins, whose funtion is to perform ative trans-
port inside the ell aross mirotubules, to the skeletal musle myosin, whose
role is that of ontrating the musles. In spite of all their dierenes, all
of them need fuel to perform suh work. the usual ingredients in this pro-
ess are the hydrolysis of the ATP moleule or the ion ux aross membranes.
keywords: Biophysis, Moleular mahines, F1-ATPase, Stohasti dynamis.
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1.1 The ATPsynthase
The study of the moleule Adenosine triphosphate (ATP) is probably one of
the most frequent topis that have been ause of a Nobel Prize. The rst
Nobel Prize related with ATP was awarded in 1953. It was the Mediine one
and it was presented to Fitz Lipmann for nding that the ATP moleule was
the main arrier of energy in the ell. Many proesses in living systems take
the energy from the ATP hydrolysis, obtaining as residue an ADP (Adenio-
sine diphosphate) moleule and a phosphate. This way of energy delivering
is ubiquitous to every living being from bateria to eukaryoti animal ells,
so the understanding of the aspets involving ATP beame an important
issue in the biologial soiety.
But, if ATP is used as the bargaining hip in the ell, where and how is
ATP formed? The rst artiial synthesis of ATP led to the Chemistry No-
bel prize in 1957 to the English biohemist Alexander Todd. As years went
by, the plae where this proess takes plae in the ell was loated. The
ATP synthase, a transmembrane protein enzyme found at the membrane of
mitohondria was the enzyme responsible for the synthesis of ATP out of its
hydrolysis produts. In 1978 the hemist Peter Mithell was awarded also the
Chemistry Nobel Prize for its hemiosmoti theory whih proposed a meh-
anism for the ATP synthase for storing energy in ATP moleules through
their dehydration synthesis. The hemiosmoti theory laims that the energy
stored in ATP is extrated from an ion gradient aross the membrane of the
mitohondria [2℄. So, the role of ATP synthase in the ell is to reharge the
ADP moleules by means of the transdution of the energy stored in a ion
gradient into ATP through its dehydration synthesis.
The more the tehnology advaned the more preise was the knowledge
of the working of ATP synthase. This way, in 1997, Paul Boyer was awarded
the Chemistry Nobel Prize for the observation of a rotatory behavior in the
ATP synthase and the statement that it was related with the ATP synthesis
[3℄. The same Nobel Prize was shared with John Walker, who solved the
struture of the hydrophili part of ATP synthase by means of rystallo-
graphi tehniques [4℄. ATP synthase onsists on two important subunits,
namely, F0 and F1 subunits (Fig.1(a)). On the one hand, the F0 subunit is
the transmembrane subunit in harge of the transdution of the transmem-
branal ion gradient into a rotation of the γ shaft. On the other hand the
globular F1 subunit is the hydrophili part of the motor where the atalysis
of the ATP prodution is performed. F1 is formed by three idential αβ do-
mains (Fig. 1(b)) so the moleule has a rotational symmetry every third of
a turn. F0 and F1 ommuniate through the γ shaft whih is the omponent
of the enzyme that breaks the rotation symmetry of the system.
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(a) (b)
Figure 1: Dierent drawings of the F0F1ATPsynthase. (a) Complete ATPsyn-
thase. The rotor transmembranal part F0 rotates driving the motion due to the ion
gradient that is oupled to the rotor unit F1 through the γ shaft. In the F1 unit the
hemial reation is produed in eah one of the β domains. (b) Respresentation of
a top view of the F1-ATPase. The γ shaft turns stepwise with a period of a third of
a turn. In eah step, eah atalyti β site ontains an ATP, ADP+Pi or it is ready
for the absorption of a new ATP.
The study of the working F0F1-ATP synthase, as many other moleules,
leads to think of it as a nanometri moleular mahine where all its gears
do assemble perfetly [3℄. The ow of ions through the membrane indues a
rotation of the F0 subunit that in turn produes a rotation of the γ shaft.
The rotation of the γ shaft indues a onformational hange of the F1 sub-
unit passing on the energy needed for the ATP dehydration synthesis that
is performed in the atalyti β domain (Fig. 1(b)). Carrying on the same
analogy with marosopi mahines, the mehanial assemble between F0
and F1 resemble to the rotor and stator parts of a motor respetively and
are usually referred this way in the literature [5℄.
Even more interesting is the fat that the working of the motor may be
reversed. Taking advantage of the hydrolysis of ATP, the F1 subunit may
rotate the γ shaft that indues the reverse working of F0 pumping ions aross
the membrane. Beause of this working regime of the F1 subunit, it is some-
times referred to as F1-ATPase. All these mehanio-hemial reations are
well synhronized so at eah time one of the β domains ontains ATP ready
to be hydrolyzed, another ontains the produts of the hydrolysis and the
third one is empty in order to reeive a new ATP moleule. So, the rota-
tion of the γ shaft is disrete in steps of 2pi/3 [6℄ (Fig. 2(b)). An energeti
analysis of eah step onludes that the energy needed in order to perform
eah step is equal to that of the hydrolysis of an ATP. Therefore, in spite of
4
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the noisy media in whih the system works (ausing seldom baksteps), the
eieny of suh a mahine is laimed to be nearly 100% [6℄, entailing the
inredible rapport of the omponents of the ATP synthase.
Although the global behavior of the ATP synthase is already studied, the
dierent physio-hemial mehanisms that are involved in the transdution
of hemial energy from the hydrolysis of ATP into rotational movement
are still not lear. Dierent experiments have been performed in order to
study whih fores are involved in the working of the motor [6℄ and dierent
models following them [5℄. The ommon element of these experiments is to
attah a load to the γ shaft and study how the motor works under suh a
dissipative fore (Fig. 2(a)). For suh experiments it is found that for low
fritional loads the veloity of the load does not hange, and that for high
frition loads there is a loglog dependene. With the urrent tehnology it
is also possible to perform a onservative torque [7℄ on the load, obtaining
information of dierent nature to that of the dissipative one. Other exper-
iments an be designed in order to measure dierent mehanial properties
of the ATPase, one of them is studying the response of ATPase to dier-
ent onentration of ATP (Fig. 9(d)). Results show that the more ATP the
faster the motor moves, nding a saturation veloity for high onentrations.
(a) (b)
Figure 2: (a)Experimental system in order to measure the energetis of the
F1ATPase (Not to sale) (b) Experimental results for the F1ATPase for the traje-
tory of the lament attahed to the γ shaft. It is observed a step-wise rotation of
steps equal to a third of a turn. (inset) Trae of the entroid of the load for the
experiment. Figures are extrated from [6℄.
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2 The analytial framework: generalities
The biologial moleular world has the peuliarity of being loated in a length
sale where energies of dierent nature onverge [8℄. Therefore, when study-
ing a moleular mahine every soure of fore in the system must be hosen
arefully. In partiular the nanometri sale is the only one in whih the
thermal eets beome omparable to the rest of energy soures. Beause
of that, statistial mehanis beomes an essential tool to understand the
omplex physial phenomena that take plae in the ell.
2.1 Langevin equation
One the thermal utuations beome important in a system, the solution
for its trajetories is not deterministi anymore and does hange in dierent
realizations. The mehanial motion of suh a system an still be desribed
through stohasti dierential equations, where an additional term is inserted
in Newton movement equations to take are of the thermal utuations in
the system [9℄,
mx¨ = −γx˙+ Fm(x, t)− Fext + ξ(t), (1)
where m orresponds to the mass of the objet dening the inertial term of
the Newton equation. γ stands for the frition oeient that ontrols the
magnitude of the Stokes frition fore that is proportional to the veloity
x˙. Fm is the motrie fore responsible for the natural work of the motor
while Fext is the onservative fore related to the useful work produed by
the motor. Finally ξ(t) is the utuation term, whih is presented as a white
noise dened through
〈ξ(t)〉 = 0, (2)
〈ξ(t)ξ(t′)〉 = 2γkBT. (3)
Note that the intensity of the thermal noise and the frition fore de-
pend on the same variable γ. This is not strange sine both fores ome
from the same physial phenomenon and are related through the utuation-
dissipation theorem.
One of the main harateristis of the dynamis of biologial nanometri
systems is that the typial length sale is short ompared with the typial
veloity sale for the frition of the media i.e. the inertial therm of the dy-
namis deays so rapidly that its dynamis may be negleted when ompared
with the ones derived from the dissipative fores. This way, equation (1) an
be rewritten as,
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γx˙ = Fm(x, t)− Fext + ξ(t), (4)
whih is known as Langevin equation and is the starting point of any model
studying the dynamis of nanometri systems.
2.2 The rotational world
Sine the aim of this work is to study a rotatory devie, the dynamis of the
system does not ome epitomized through linear magnitudes but rather by
rotatory ones. Therefore, instead of talking of distane and fores, the system
must be unraveled through the usage of angular distanes (θ = x/R) and
torques (τ = RF ). These magnitudes are related with their lineal equivalents
through the radius of gyration R of the system studied. In this formalism,
equation (4) reads,
R2γθ˙ = τm − τext +Rξ(t). (5)
Dening the rotational frition oeient as γR ≡ R
2γ a Langevin equa-
tion is obtained equivalent to the initial one but in angular oordinates whih
also suggests a denition of rotatory thermal noise,
Rξ(t) ≡ ξR(t)→ 〈ξR(t)ξR(t
′)〉 = 2γRkBTδ(t− t
′). (6)
From now on, the R subindex will be dropped out for the sake of sim-
pliity, so the starting equation for any study of the dynamis of a rotatory
moleular mahine will be,
γθ˙ = τm(θ, t)− τext + ξ(t). (7)
The omplexity of the model is introdued through the expression of the
internal motrie fore, whih in general has a omplex dependene in time
and spae.
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3 Modelling
With a few pondered ingredients it an be derived a model with similar
properties to those of a real ATP synthase. This is why models are so im-
portant: with the testing of dierent hypothesis and studying the response of
the system, it an be eluidated some of the basi mehanisms that rule the
system at the same time that new questions arise obtaining thus a feedbak
to experimental data.
In order to onstrut a model of a moleular motor three main aspets
of the motor have to be taken into aount. First, the kinemati results
for whih it is observed the step-wise motion of the motor. Seond, the
mehanio-hemial oupling where we take into aount the energy spent
during the working of the motor. Finally, the omplete dynamis of the
system, where we take into aount whih fores at on the system and how
they are introdued in its working.
3.1 Step-wise motion and internal interations
The rst term that is needed in the energeti desription of the motor is the
internal energy landsape for the relaxed state of the system. As it is seen in
experimental data (Fig. 2(b)), for the rest state when the system is waiting
for an ATP moleule, the γ shaft remains still, osillating around one of the
three equilibrium points that are identied with the β domains of the F1
globular part.
The only experimental data from suh a state are the three symmetri
energy minima and the utuations around eah one of them. Sine the
utuations are symmetri with respet to the minima an angular periodi
potential is needed for the rest state. The energeti barrier between the
minima must be greater than that of the thermal energy but lower than
the energy of the ATP hydrolysis. Sine it an be observed baksteps and
the oupling ratio of the motor is nearly one, it is expeted that the energy
for the barrier is loser to the thermal energy than to the ATP hydrolysis one.
The simplest model with suh a behavior is the piee-wise linear sym-
metri rathet potential, that for the rst period reads,
VR(θ) =


−3
pi V0θ + V0 ; 0 < θ < pi/3 zone (I)
3
piV0θ ; pi/3 < θ < 2pi/3 zone (II)
, (8)
being V0 the energeti barrier to overome between minima. (I) and (II)
stand for the two zones of dierent slope of the rathet potential that are re-
peated periodially (Fig. 3(a)). In spite of the simpliity of suh a potential,
8
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0 pi/3 2pi/3
θ
0
V0
VR
(I) (II)
(a)
0 pi/3 2pi/3
θ
0
V0
VR
(n)
VR
(0)
VR
(3)
(b)
Figure 3: Energeti landsapes for the rest state. (a) The piee-wise linear rathet
landsape is the easiest periodi potential with the expeted behavior, (b) The
piee-wise linear rathet an be approximated by a ontinuous potential.
the rathet landsape is not analytial in some points so more sophistiated
potentials may be introdued. One possible solution is a resalement of the
trunated addition of the Fourier expansion for the rathet landsape (Fig.
3(b)),
V
(n)
R = V0
Y (n)(θ)− Y (n)(0)
Y (n)(pi/3) − Y (n)(0)
, (9)
being,
Y (n)(θ) ≡
pi
2
−
4
pi
n∑
i=0
cos ((2i+ 1)(3θ + pi))
(2i + 1)2
, (10)
reovering the rathet potential for the full sum, i.e. VR = V
(∞)
R .
3.2 Mehanio-hemial oupling
From experimental evidenes [6℄ it is known that eah step performed during
the motion of the system ours through the absorption of an ATP moleule.
The ATP moleule indues a geometrial distorsion of the αβ struture in-
duing thus a fore on the γ shaft. The result of this proess is introdued
as a potential for the exited state VE that an be modelled as the linear
potential,
〈VE〉 = −
3V1
2pi
θ, (11)
being V1 the torque assoiated to the ATP absorption (Fig. 4(a)). Chemi-
ally this an be understood by means of the zipper model [5℄, whih states
that the energy of the ATP is not released all of a sudden but little by little
through the ontinuous formation of the dierent bonds between the ATP
9
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(a) (b)
Figure 4: Potential landsape of the model. a) Potential landsape for one of
the periods. The total potential is the addition of the symmetri rathet potential
VR(θ) and a torque 3/2piV1. The result is a tilted rathet potential dening two
dierent slopes for the potential named (I) and (II).b) The resulting mean potential
for dierent periods. Arrows indiate utuations.
and the binding site.
The nature of the release of ATP is not fully understood. For the sake of
simpliity, the transition between the rest and the exited states an be mod-
elled independently of the internal proesses of F1. As a rst approximation,
it an be introdued in the model as a utuation in the ATP hydrolysis
fore,
VE(θ, t) = −
3V1
2pi
θ · (1 + η(t)), (12)
being η(t) a white noise dened as,
〈η(t)〉 = 0, (13)
〈η(t)η(t′)〉 = 2σδ(t− t′). (14)
Here σ stands for the intensity of the utuations. Suh a framework intro-
dues a regime transition, so in some instants the overoming barrier will be
high as in the relaxed state and for some other instants the energeti barrier
will be low as in the exited one. In fat it an be seen as an ATP saturated
system in whih there is a ontinuous inome and release of ATP.
The addition of both energeti landsapes, namely, the rathet and the
exitation fore, produes a tilted rathet framework ubiquitous in many
moleular motor modelations [10℄ (Fig.4(b)). The main problem for suh an
approah is that the physio-hemial oupling is not straightforward so the
energy given to the system is not disretized in that of ATP moleules but
it is given as a ontinuous fore that ombines the eets of the strength of
the ATP hydrolysis fore through V1 and the intensity of its utuations σ.
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3.3 System dynamis and external fores
As usual in moleular studies, the aim moleules of study are too small to
be ontrolled diretly or even to be observed. An usual proedure to over-
ome this diulty is to attahing a bigger load to the moleule studied and
observe how the fores applied on the load aet the working of the main
moleule. For the urrent ase, the load is attahed to the γ shaft so the
load rotates with it (Fig. 2).
The main torque that ats on the load is the dissipative torque. This
torque omes from the frition of the load so it always opposes to the move-
ment of the system. The dissipative torque will inrease with the size of
the load and the veloity of the motor. Sine the size of the load an be
easily ontrolled, the relation between the fritional torque with the angular
veloity of the system is a done fat [6℄.
An additional torque that an be exerted on the load is a onservative
torque. This is a onstant external torque exerted on the load. A onser-
vative torque is not so easy to perform experimentally as a onstant lineal
fore. Altogether it an be performed by systems suh as a the F0 motor
that transduts the hemial energy in a onstant torque. Furthermore, some
assays have been performed induing an angular torque in F1 by using mag-
neti tweezers [7℄.
The missing ingredient in order to inlude suh fores in the main equa-
tions that desribe the system is the oupling between the dynamis of the
load and the dynamis of the γ shaft. Sine it is expeted the oupling to be
strong and no great dierenes appear in the trajetories of both systems, it
an be expressed through an elasti oupling. Therefore the joint between
both systems is equivalent to that of a torsion spring. The system is thus
modeled by the set of equations,
γθ˙ = τm(θ, t)− κ(θ − φ) + ξ(t), (15)
γLφ˙ = τext + κ(θ − φ) + ξL(t), (16)
being φ the angular oordinate of the load, γL the frition rotational oe-
ient of the load and κ the stiness of the join between both systems (Fig.
5). The thermal noise ating on the load is dened equivalently as in (6) as,
〈ξL(t)ξL(t
′)〉 = 2γLkBTδ(t− t
′). (17)
So, the system is nally modeled as two stohasti dierential equations that
are oupled through a harmoni spring. On the one hand, the equation or-
responding to the γ shaft inludes all the internal or motrie fores ating
on the system τm(θ, t). On the other hand, the equation orresponding to
11
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Figure 5: Modelling of the experimental set up for studying the behavior of the F1
motor. The model onsists of two separated systems, the F1 and the load, joined
by an elasti oupling.
the external load that is the observable of the system, inludes all the terms
orresponding to the external fores: the onservative torque τext and the
dissipative torque γLφ˙
3.4 The adiabati approximation
Dynami equations desribing the system as a funtion of θ and φ (16) may be
rewritten in terms of the trajetory of the load, whih is the experimentally
observable quantity, and the dierene in trajetory between the load and
the γ shaft,
φ˙ =
τext
γL
+
κδ
γL
+
ξL(t)
γL
, (18)
δ˙ =
τm
γ
+
τext
γL
−
(
1
γ
+
1
γL
)
κδ +
ξ
γ
+
ξL
γL
, (19)
being δ the relative oordinate that measures the angular distane between
both systems δ ≡ (θ−φ). Due to the diulties of studying analytially a set
of oupled dierential equations some approximations must be performed.
One of them is to the adiabati limit, whih orresponds to the one where
the dynamis of the relative oordinate is supposed to be faster than the rest
12
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of the system and, therefore, the variation of δ with time an be negleted,
δ˙ ≃ 0 (20)
Note that this limit is equivalent to onsider a sti joint κ in whih the
system shaft-load behaves as a rigid solid. In the adiabati approximation
the dierene in position an be omputed diretly from eq. (19),
δ =
1
κ
(
1
γ
+
1
γ0
)(
τext
γL
−
τm
γ
+
ξL
γL
−
ξ
γ
)
(21)
So an expression for the trajetory of the load an be found through (18)
and (21) following,
(γ + γL)φ˙ = (τm + τext) + ξ + ξL (22)
This result states that in the strong adiabati limit the system indeed
behaves as a unique solid with a rotational frition oeient equal to the
adding of the two initial ones. This statement refers also to the resultant
noise sine both noise soures are statistially independent,
〈ξ(t) + ξL(t)〉 = 〈ξ(t)〉 + 〈ξL(t)〉 = 0 (23)
〈(
ξ(t)+ξL(t)
)(
ξ(t′)+ξL(t
′)
)〉
= 〈ξ(t)ξ(t′)〉+〈ξL(t)ξL(t
′)〉+ 2〈ξ(t)〉〈ξL(t
′)〉
= 2(γ + γL)kBTδ(t− t
′) (24)
Even though this limit is reasonable, the non-lineal ontributions omitted
in the analysis have to be taken into aount. The origin of suh ontributions
omes from the dependene of τm on the γ shaft angular oordinate θ, i.e.
the δ has not been ompletely eliminated from the equations. Nevertheless,
sine the relative oordinate is small, it an be approximated through a
Taylor expansion as,
τm(θ) = τm(δ + φ) = τm(φ) + δτ
′
m(φ) +O(δ
2). (25)
And therefore, through the adiabati approximation (20) a new expression
for the relative oordinate an be obtained,
δ =
τm
γ −
τext
γL
+ ξγ −
ξL
γL
κ
(
ε
γ +
1
γL
) , (26)
where the nonlinear terms appear through the variable ε dened as,
ε ≡ 1−
τ ′m
κ
. (27)
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Equivalently, the new expression for the trajetory of the load is,
φ˙ =
ετext + τm + εξL + ξ
εγL + γ
. (28)
Through this analysis, it an be seen that the oupling of both systems is
translated into a modiation in a fator ε on the variables orresponding
to the dynamis of the load. Note that in general ε its not onstant with
the position but depends on θ through the variation of the motive torque
τ ′m. Therefore, the resultant noise for the soft adiabati approximation is
not additive anymore but it has a multipliative omponent. For the limit
κ→∞ (ε→ 1) the strong adiabati approximation limit (22) in whih both
units rotate as a unique partile is reovered.
14
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4 Results
4.1 Analytial results for the adiabati approximation
Introduing the strong adiabati approximation to the dierent assumptions
for the working of the model and the applied external fores, the problem is
redued to a Langevin equation reading,
γeff θ˙ = −V
′
R(θ)− V
′
E(t)− τext + ξeff (t), (29)
Where γeff ≡ γ+γL is the eetive frition oeient predited by the strong
adiabati approximation. It is worth to note that in suh a representation
the time and spae dependene has been split in both torque terms. While
the rathet potential is onstant in time but varies in spae, the hydrolyzing
torque utuates in time.
This desription of the system results in a stepwise motion due to the
loal minima of the potential as in the real F1-ATPase (Fig. 6). Here, the
transition between two minima is related with the transition aross the en-
ergeti barriers.
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Figure 6: Simulation of one trajetory of the model. a) Evolution of the angle of the
shaft in time. It an be observed that the qualitative behavior orresponds to that
of a stepwise movement of the γ shaft of the F1 ATPase. b) Trae of the entroid
of the load in arbitrary spatial oordinates. It an be seen that there are three
angular equilibrium positions in the system with a oupation density similar to
that of experimental data. Parameters used are γeff = 25 pN nm, V0 = 20 pN nm,
V1 = 30 pN nm and σ = 0.1 s
−1
.
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From the Langevin desription it an be written the orresponding Fokker-
Plank equation for the probability P for the partile to be in a position θ
[9℄, thus obtaining two partial dierential equations, one for eah domain (I)
and (II) (Fig. 4(a)),
∂PI
∂t
= AI
∂PI
∂θ
+ α
∂2PI
∂θ2
(30)
∂PII
∂t
= AII
∂PII
∂θ
+ α
∂2PII
∂θ2
(31)
with,
AI ≡
3
2pi
V1 + 2V0
γeff
−
τext
γeff
, AII ≡
3
2pi
V1 − 2V0
γeff
−
τext
γeff
(32)
and,
α ≡
kBT
γeff
+
9
4pi2
σV 21
γ2eff
(33)
This way the external onservative torque is introdued in the equation
as an addition to the hydrolysis torque but only ating on the drift term of
the FP equation. On the other hand the role of the utuation in the ATP
fore only appears in the diusion term of the FP equation as an inreasing
term through α, i.e. the utuation in the ATP fore is equivalent to an
inrease of temperature of the system.
For the steady state, (30) and (31) beome two rst order homogeneous
dierential equations whose general solution is,
Pi(θ) =
J
Ai
+Cie
Ai
α
θ i = (I and II) (34)
Being J the unique ux and CI and CII two integration onstants. Therefore,
there must be three boundary onditions in order to nd a losed solution.
Due to the symmetry of the system, it an be studied as a nite system
with periodi boundary onditions of length equal to a third of a turn, i.e.
the exit of a partile from one of the potential hills involves the entering of
it into the next one. This way the angular veloity of the partile is related
with the ux as ω = 2pi3 J [10℄.
Two of the boundary onditions needed are those related to the ontinuity
of the probability in the spae. These onditions are imposed at the joint
between dierent regions,
PI(0) = PII(2pi/3) (35)
PI(pi/3) = PII(pi/3) (36)
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Figure 7: Probability of nding the partile in funtion of the angle inside one
of the periods for the analytial solution (solid line) and a omputer simulation
(histogram). The probability is the joining of two exponentials giving a maximum
at the minimum of the rathet potential. V0 = 20 pN nm, V1 = 30 pN nm, γ =
20 pN nms, σ = 0.1 s−1
The last ondition is the normalization of the probability over both do-
mains,
∫ pi/3
0
PIdθ +
∫ 2pi/3
pi/3
PIIdθ = 1 (37)
Obtaining,
PI = J
(
1
AI
+
(
1
AII
−
1
AI
)
1− e−AII
pi
3α
1− e−(AI+AII)
pi
3α
e
AI
α
(θ−pi
3
)
)
(38)
PII = J
(
1
AII
+
(
1
AI
−
1
AII
)
1− eAI
pi
3α
1− e(AI+AII )
pi
3α
e
AII
α
(θ−pi
3
)
)
(39)
And a expression for the ux,
J =
3
2pi
ω =

pi
3
(
1
AI
+
1
AII
)
− α
(
1
AII
−
1
AI
)2( 1
1− e−
AII
α
pi
3
−
1
1− e
AI
α
pi
3
)
−1


−1
(40)
Whih gives an analytial expression for the angular veloity of the γ
shaft.
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The same result for the veloity an be ahieved by the averaging over
the Langevin equation,
γeff 〈ω〉 = −〈V
′
R(θ)〉 − 〈V
′
E(t)〉 (41)
=
3
pi
V0
(∫ pi/3
0
PIdθ −
∫ 2pi/3
pi/3
PIIdθ
)
+
3
2pi
V1 (42)
So, due to the fat that the system spends dierent time in domains I and
II, the averaging of the rathet potential does not beome null and introdues
an additional term depending on the probability of oupany of eah zone.
Beause of the tilting of the potential (Fig. 4) the shaft will spent more time
in the zone orresponding to the lower slope (Fig. 7), whih is the zone II.
Sine zone II orresponds to the zone of the rathet opposing to the advane
of the shaft, the average value of the torque exerted by the rathet landsape
opposes the working of the F1. Therefore, the movement of the γ shaft will
be always lower to that of a free brownian partile under a onstant torque
3
2piV1.
While studying the working of the motor in funtion of the parameter
ontrolling the intensity of the exiting fore V1 (Fig. 8(a)) it an be seen
that as expeted, the average veloity of the model is lower than that of the
brownian partile under a onstant torque without the Rathet potential.
Furthermore, this limit is ahieved as expeted from equation (40) when im-
posing V1 ≫ V0, i.e. AI ≃ AII
On the other hand, as stated before, the onservative external torque is
introdued in the equations by adding it to the hydrolysis torque in the drift
term. This way an external torque opposing to the hydrolysis one an stall
the system (Fig. 8(b)). The introdution of the external torque is equivalent
to a hange in the tilting of the Rathet. As a matter of fat, a value for the
onservative torque high enough an indue a bakwards rotation.
4.2 Comparison with the experiments
When studying the variation of the veloity with the parameter σ, it is
obtained that the inrease of the utuation through σ always involves an
inrease of the speed of the system approahing to a saturation veloity value
(Fig. 9(b)), just the same behavior was observed for the experimental results
with the ATP onentration (Fig. 9(d)). As seen previously, in this model,
the rathet potential always slows down the average veloity of the motor.
In the large utuation limit, the utuations erase the order that involves
18
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Figure 8: Relation of the veloity of the system with the main value for the ATP
fore (a) and the intensity of its utuation (b). The full line orresponds to the
analytial expression (40) while the points orrespond to omputer simulation of
the strong adiabati limit Langevin equation (29). The dashed line orresponds
to the ase in whih the partile behaves as a brownian partile moving under a
onstant external fore 3V1/2pi without any rathet landsape. This orresponds
to the limit for high values of V1 or σ. Parameters used are γ = 22.5 pN nms,
V0 = 20 pN nm, V1 = 30 pN nm and σ = 0.1 s
−1
.
the rathet potential, so the system behaves as a partile ating under a on-
stant fore. This limit is analogue to the saturation veloity found in real F1
ATPase, where for a high onentration of ATP dwell times disappear. This
is what happens in the brownian F1 where the disappearing of the rathet
involves the disappearing of the minima of energy and therefore the dwell
times. However, as has been previously mentioned, the dwell times do not
only depend on sigma but also in the rest of parameters of the model, so
even without a utuating fore (σ = 0), there is still a net displaement
in the system due to the tilting of the rathet and the thermal utuations.
This saturation veloity for low values of σ orresponds to the situation in
whih the thermal noise rules over the utuation of the exitation fore in
the term α, so all the displaement over the energeti barriers is overome
thermaly.
Sine the time sale of the system an be redened through the param-
eter γeff in the original equation, the inrease in γeff may be regarded as a
slowing down of the system. So, an inrease in the frition oeient will
not stall it ω ∼ (γ)−1. Splitting the term γeff in two orresponding frition
terms, γ and γL, allows one to study the eet of the dissipative fore in the
system (Fig. 9(a)). It an be seen that the qualitative behavior is similar
to that of the experimental results (Fig. 9()) with two dierent regimes:
One orresponding to the low frition limit where the veloity of the system
remains onstant, and the other for high frition loads in whih is found a
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Figure 9: Comparison of the model (top) with experiments (bottom). (a) Rela-
tion between the rotational frition oeient of the load and the veloity of the
motor. The frition oeient slows down the motor without stalling it. (b) Rela-
tion between the veloity and the utuations on the external fore. Fluutations
inrease the speed of the motor. () Relation between the frition oeient of the
load and the veloity of the system for dierent ATP onentrations. Full lines
orrespond to a t for the theoretial approximation for the system as a brownian
partile under a onstant fore. (d) Relation between the veloity of the load and
the ATP onentration. Experimental gures are extrated from [11℄. Parameters
used, γ = 20 pN nms, V0 = 20 pN nm and E1 = 30pN nm.
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loglog depene. Both limits an be deduted for the behavior of a brownian
partile under a onstant fore. However, as has been seen before, sine the
average 〈VR〉 is in general dierent from zero and dependent on γeff the
relation is more ompliated than a simple brownian partile.
4.3 Elasti oupling: numerial results
Sine the rathet intrinsi torque is not derivable at every point it an-
not be studied analytially the soft adiabati approximation (28). However,
the omplete system without any adiabati approximation an be studied
through numerial analysis.
There are two main dierenes between the adiabati and the non-adiabati
system. On the one hand, the information shared by both elements (shaft
and load) is damped by the oupling. Oppositely to the adiabati one in
whih any fore applied at any element was transmitted instantly to the
whole system. On the other hand there is a ompetition of the evolution
veloity of both elements so the slower evolution will rule the global behav-
ior of the system oppositely to the adiabati approximation in whih only
one dynami evolution matters. These eets an be observed through the
angular probability distribution of both elements (Fig. 10).
For high values of γ and low values of γL without any external torque it
an be observed that the probability distribution for the shaft is equivalent
to that of the adiabati approximation. The distribution for the load is the
same one but diused in the angle oordinate (Fig. 10(a)). This is so sine
γ > γL entails that the evolution of the shaft will be slower than the load
one and will rule the evolution of the system. Altogether the distribution of
the load is not equal to that of the shaft due to its high utuations and the
damping of the oupling.
On the other hand, for the limit in whih the frition of the load is
higher than the frition of the shaft (γL > γ) a dierent behavior is observed
in whih the behavior of both elements is far from the adiabati one (Fig.
10(d)). In this limit the response of the load is slow ompared with the
response of the shaft and will rule the evolution dynamis.
In spite of this damping of the order exerted by the torques of the sys-
tem, the global behavior of the system is similar to that of the adiabati one.
On the one hand, the dissipative torque is not able to stall the system and
has the same shape as in experimental results (Fig. 11(a)). On the other
hand the external onservative torque is able to stall it and even reverse the
motion of the system (Fig .11(b)). These similitudes ome from the fat that
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although the probability distribution hanges, the term orresponding to the
average of the rathet potential 〈VR〉 does not hange so muh. Therefore,
for the brownian rathet F1-ATPase the elasti oupling beomes important
when it is wanted to extrat properties of the motor from the utuation of
the measurement.
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Figure 10: Probability distribution of the load and the γ shaft for the oupled
system. Due to the elasti oupling, the system does not behave ompletely as
a rigid solid. In general the distribution of the γ shaft is sharper to that of the
load. The solid line orresponds to the analytial results for the rigid solid one with
γeff = 20 pN nm. a) γ = 19pN nms, γL = 1pN nms, b) γ = 5pN nms, γL =
15pN nms, ) γ = 2pN nms, γL = 18pN nms, d) γ = 1pN nms, γL = 19pN nms.
The rest of the values are κ = 100 pN nm and those orresponding to Fig. 7
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Figure 11: Results for simulations for the brownian motor. a) The inrease of the
frition of the load slows down the γ shaft but does never stall it. γ = 5 pN nms,
V0 = 20 pN nm, V1 = 30 pN nm and σ = 0.1s
−1
b)Relation between the angular
veloity of the system and the total external torque τtot. Through the variation
of the onservative torque (blak squares) simulations show that a high value of
the onservative torque may stall the motor and even reverse its motion. To the
left of the point τext = 0, the external torque assists the rotation of the system.
γ = 5 pN nms, γL = 17.4 pN nms V0 = 20 pN nm, V1 = 30 pN nm, σ = 0.1s
−1
κ = 100 pN nm. On the other hand simulations show the relation between the
dissipative torque (white irles) and the veloity of the system for the same values
obtained in a).
5 Conlusions
Sine moleular motors at as essentially lassial objets, in spite of the
thermal utuations ating of the system it is easy to introdue phenomeno-
logial heuristi fores in their modelation. Altogether, due to the stohasti
nature of the problem the nal analytial solution may not be easily ahieved
or even it may not exist. On the other hand the omplex relation of these
utuations may have the answer to onstrut suh an eient system in the
moleular sale so it must be studied arefully as one of the main ingredients
for the working of a motor.
This eet is already present in the elasti oupling between the γ shaft
and the load. The load attahing is an ubiquitous tehnique to many biomole-
ular experiments and it has been shown how with a simple elasti oupling,
utuations at eah end of the joint may introdue important terms aet-
ing to the working of the whole system, speially in zones with large fore
variation suh as an energeti barrier.
From the results obtained for the brownian F1-ATPase motor it has been
shown how with the simplest model available it an be indeed predited a
stepwise motion for the F1-ATPase. Furthermore, with this model the ef-
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fets of dierent external torques an be studied. On one hand, the eet
of a onservative torque that may reverse the motion of the γ shaft but this
requires a more ompliated and not so developed experimental setup. On
the other one hand, the ating of a frition fore that is always dependent
on the veloity of the system and it is not able to stall the system.
With this model it has been also possible to study the eets of the elasti
oupling of two systems and how the order reated by the fores is damped
by the eet of the oupling. Suh a study is important beause usually
the measurable magnitude is the resulting from a oupling so the observed
eets are not idential to those of the strong adiabati oupling.
The main lak of this model for the F1-ATPase is a orret mehanio-
hemial oupling that introdues the energeti onsumption of ATP per
turn. Neither the study of the relaxation proess is taken into aount.
However, these simpliations have helped in order to study the rest of the
eets already mentioned without extra ompliations.
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6 Perspetives
One the eet of the elasti oupling and the onservative and dissipative
torques are well integrated in the model, the next step is to take into aount
more arefully the mehanio-hemial aspets of the motor. This an be
introdued by means of a ashing rathet formulation. Suh a formulation
does not only take are of the energy input needed to perform work in the
system but also the synhronization of both landsapes, exited and relaxed,
in order to improve the veloity of the motor. A rst approximation to suh a
behavior may be ahieved by means of a dihotomous noise on the hydrolysis
torque (Fig. 12(a)),
VR =
3
2pi
V1θη(t), (43)
where η(t) is the dihotomous noise that swithes between two states: 0 and
1, dened through the probability of the two possible jumps, w01 and w10.
Suh a model takes into aount the nature of the exitation landsape.
The dwell time of the motor between dierent steps has been found to be
dependent uniquely on the onentration of ATP in the media [6℄. Suppos-
ing that the absorption proess is a Poisson proess so the rate of reation
is onstant in time, the resulting probability distribution for the dwell times
between reations should follow an exponential distribution. Although ex-
perimental results t well with the Poisson proess theory, one the ATP
enters the system, the following reations are not ompletely deterministi
and some other exponential terms may orret the initial one [12℄[13℄[14℄.
As far as the deexitation proess is onerned, some assays show that the
power stroke for the onsumption of the ATP does not our all of a sudden
but in two substeps of 80
o
and 40
o
respetively [12℄[11℄. These substeps may
be related with two power strokes: on the one hand, the one related with the
ATP hydrolyzing, and on the other hand, the energy related to the release
of the ADP to the media triggered by the position of the γ shaft. Therefore,
the deexitation proess is not so straightforward as the exitation one and
may ontain important eets for the understanding of the great eieny
of the motor. Approximations to the understanding of these eets may
be introdued by more omplex onditional ashing rathet potentials (Fig.
12(b)).
Sine one of the aims of modeling is to understand the dierent role that
the dierent piees of the system play, is easy to extend the obtained infor-
mation to similar systems. This way the understanding of the working of
the F1-ATPase motor an also drive to understanding of the diret working
regime of the F1 unit. Also, all the rotational Langevin formalism with the
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Figure 12: a) Example of the evolution of a dihotomous noise in time. The
hydrolysis potential is ativated in exponentially distributed impulses. b) Proposal
for a ashing rathet with the two substep motion.
study of the eet of the applied torques an be used to the understanding
of the working of the F0 unit and therefore the whole ATPsynthase. All this
study does not end with the ATP synthase but is useful for other rotational
motors suh as the Baterial Flagellar motor.
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A Numerial tools
The stohasti simulations have been performed with a simple Euler algo-
rithm that for a Langevin equation reads,
x(t+∆t) = x(t) +
f(t)
γ
∆t+
√
2kBT∆t
γ
η (44)
Being η random gaussian distributed numbers with zero mean and vari-
ane equal to one.
A more sophistiated Heun algorythm has not been hosen in order to
speed up the simulations. Nevertheless, this is well justied beause in a
stohasti simulation the stohasti utuations beome bigger than the or-
retions gained than by the Heun method. This is why in suh a simulation
eorts should be taken in performing averages over many runs with a small
enough time step, taking into aount the quality of the random numbers
used for the simulations. The random numbers used in the simulations of
the work are generated with the Mersenne Twister random number generator
[15℄.
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